In this note, we study symmetry results of solutions to equation ( 
Introduction
Our purpose of this note is to study symmetry results of solutions to equations
where B 1 is the open unit ball centered at the origin in R N , > 0, I is a nonlocal operator approaching the fractional Laplacian as tends to 0, which has a form
where, for σ ∈ (0, 1) fixed, the kernel K is given by
Notice that for > 0, K is integrable in R N with L 1 norm equal to C N,σ −2σ . We point out that operator I is a particular case of a broad class of nonlocal operators, is known in the literature [4] as a zero-order nonlocal operator. The study of radial symmetry of positive solutions to the second order elliptic equations in bounded domains was initiated by Serrin [7] and Gidas, Ni and Nirenberg [5] that associated the maximum principle with the method of moving planes introduced by Alexandrov in [1] . For the equations involving nonlocal operators, specially, the fractional Laplacian, Felmer-Wang in [3] studied the radial symmetry of positive classical solutions of (1.1) by the method of moving planes as in [2] based on the Maximum Principle for small domains, which is derived by the Aleksandrov-Bakelman-Pucci (ABP) estimate in [6] . We observe that the operator −I is the fractional Laplacian operator when = 0. In the case of > 0, for the operator −I , the ABP estimate is not available; to this end, we introduce a key lemma, i.e. Lemma 2.1, to prove the Maximum Principle for a small domain where the Lipschitz constant of nonlinearity plays an important role. Then we do the moving planes as in [3] to obtain the symmetry results to solutions to (1.1). Here we say that a bounded function 
for some c 0 > 0 independent of u and .
Now we state our main theorem in this note. 
then u is radially symmetric and strictly decreasing in r = |x| for r ∈ (0, 1).
We notice that the condition (1.4) is obvious for any Lipschitz continuous function f when = 0; in other words, here
we have a new way to prove the Maximum Principle for small domain for the equations involving fractional Laplacian in [3] .
It is important to note that the geometric assumptions here are similar to the classical Gidas-Ni-Nirenberg result, since we admit that the minimum in B 1 is attained on ∂ B 1 and
Before continuing, we would like to discuss about our assumptions (1.3) and (1.4) in Theorem 1.1 and some open questions arising from them. We first consider assumption (1.4) appearing as a sufficient condition. Is it optimal? That is, is it possible to prove that if (1.4) does not hold, then there exists a solution satisfying the other hypotheses of Theorem 1.1 and which is not symmetric? We next look at our assumption regarding the boundary condition. We observe that in [3] , the symmetry of positive solutions to (− ) α u = f (u) in B 1 is obtained assuming the boundary condition u = 0 in R N \ B 1 , which can be interpreted as follows: the solution has zero boundary data in R N \ B 1 and the solution has limit zero as x tends to the boundary from inside. Thus, in the zeroth-order problem (1.1), the boundary condition can be seen as u = 0 in R N \ B 1 and the inner limit is a constant c, where we assume c ≥ 0 because the solutions of equation (1.1) may jump at ∂ B 1 . Then, a natural question is to ask if it is necessary to consider u = 0 in R N \ B 1 and u is constant at ∂ B 1 to obtain the symmetry of solutions or, under suitable assumptions, just one of them is sufficient. We do not know the answer to these questions.
Symmetry result
In this section, we prove the main result of this note by the method of moving planes. Before, we will introduce the Maximum Principle for a small domain, which is a key tool in the proceeding. To this end, we first give the following lemma. Proof. The result is obvious if inf w ≥ 0. Now we assume that inf w < 0, then there exists x 0 ∈ such that w(x 0 ) = inf w < 0. Combining with (2.1), we have that
Lemma 2.1. Let be an open bounded subset of
By the definition of I , we have that
|, combining with the fact that K is radial and decreasing, we obtain that
Therefore,
Now we state the Maximum Principle for small domain as follows.
Lemma 2.2. Let be an open bounded subset of
Then there is δ > 0 such that whenever | | ≤ δ, w has to be non-negative in .
Proof. Let us define − = {x ∈ | w(x) < 0}, we observe that
empty, completing the proof. 2
Using the method of moving planes as in [3] based on Lemma 2.2 by the fact of (1.4), we can prove the radial symmetry result in Theorem 1.1.
Proof of Theorem 1.1. Let us define
where λ ∈ (0, 1) and
For any subset A of R N , we write A λ = {x λ : x ∈ A}. We first prove that w λ ≥ 0 in λ if λ ∈ (0, 1) is close to 1. Indeed, let we define
Since the kernel K is symmetric and decreasing, then we can use the similar computation as in the proof of Theorem 1.1
in [3] to obtain that for all 0 < λ < 1,
Combining with the fact of w
N and (1.1), we have that 
On the other hand, defining Then we apply the similar way as in the proof of Theorem 1.1 in [3] , we obtain that λ 0 := inf{λ ∈ (0, 1) | w λ > 0 in λ } = 0. Then we have that u(−x 1 , x ) ≥ u(x 1 , x ) for x 1 ≥ 0. Using the same argument from the other side, we conclude that u(−x 1 , x ) ≤ u(x 1 , x ) for x 1 ≥ 0 and then u(−x 1 , x ) = u(x 1 , x ) for x 1 ≥ 0. Repeating this procedure in all directions, we obtain the radial symmetry and the monotonicity of u. 2
